This paper studies encoding/decoding function of artificial spiking neurons. First, we investigate basic characteristics of spiketrains of the neurons and fix parameter value that can minimize variation of spike-train length for initial value. Second we consider analog-to-digital encoding based upon spike-interval modulation that is suitable for simple and stable signal detection. Third we present a digital-to-analog decoder in which digital input is applied to switch the base signal of the spiking neuron. The system dynamics can be simplified into simple switched dynamical systems and precise analysis is possible. A simple circuit model is also presented.
Introduction
Artificial spiking neurons (ASNs) are nonlinear dynamical systems having rich dynamics and potential applications [1] - [5] . Repeating integrate-and-fire behavior between base and threshold signals, the ASN can exhibit a variety of periodic/chaotic spike-trains and related bifurcation phenomena. The ASNs can be building blocks of pulse-coupled neural networks (PCNNs) that have a variety of synchronization and bifurcation phenomena [6] - [10] . Potential applications of the ASNs and PCNNs are many, including image processing, associative memories, ultra-wide-band communication, and feature selection [7] - [13] . The ASNs and PCNNs have also been studied as simplified models of biological neurons in order to understand neural information processing function where spike-based coding plays important roles [14] - [16] .
On the other hand, analog-to-digital and digital-toanalog converters (ADC and DAC) are indispensable systems in order for communication between real analog world and digital signal processing. There are various architectures of ADCs and DACs [17] - [20] , e.g., cyclic ADC/DAC are known as basic systems to realize binary encoding/decoding. Improvement of resolution, stability and simplicity are in important issues.
The main purpose of this paper is to provide fundamental considerations on spike-based encoding/decoding functions of the ASN and their applications to ADC and DAC.
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First, we introduce an ASN having periodic sawtooth base signal that can cause a variety of spike-trains [9] . We then analyze relationship between length of spike-trains and the number of spikes by theory and numerical experiments.
Based on the analysis we can fix the parameter value that is suitable for spike-based ADC and DAC. Second, we present the ADC based on the ASN (ASN-ADC) where an analog input corresponds to an initial value of the state variable. We present spike-interval modulation (SIM) that encodes a spike-train into a binary sequence based on each inter-spike interval (ISI). Applying the mapping procedure, we clarify that the SIM can realize binary encoding. Third, we present the DAC based on the ASN (ASN-DAC) whose digital input is an inverse sequence of digital output of the ASN-ADC. The input is applied to an ASN as a binary signal that switches the dc component of a base signal. The spike-train is governed by a kind of iterated function systems (IFSs) [21] , [22] and the operation of the ASN-DAC can be confirmed theoretically. Forth, we present a simple circuit model of the ASN-DAC with basic PSPICE simulation data. The circuit can be changed into a test circuit of ASN-ADC in [23] by a slight change of the circuit configuration. Preliminary results along these lines can be found in our conference paper [24] . As significance and novelty of this paper, please note the following: (i) The study of ASN-ADAC contributes to bridge between encoding mechanisms of spiking neurons [14] - [16] and ADC/DAC [17] - [20] via nonlinear dynamical system theories [21] , [25] . It may be a trigger to develop a new signal processing framework.
(ii) The SIM signal in the ASN-ADAC have practical advantages: the signal does not diverge, whereas capacitor voltage of traditional ADCs may diverge, the signal can be detected without phase-locking and thus it is robust for signal delay, and the signal is low power consumption such as the ultra-wide-band communication signals [11] , [12] .
(iii) The ASN-DAC can be regarded as a novel realization of IFS that can generate fractal patterns and has several applications [21] .
(iv) This paper firstly discusses relationship between length of spike-trains and the number of spikes, and proposes the ASN-DAC based on the SIM.
Artificial Spiking Neuron
Integrate-and-fire switching is basic in dynamics of various spiking neuron models including our ASN [23] . Figure 1 Copyright c 2008 The Institute of Electronics, Information and Communication Engineers shows basic behavior of dimensionless version of the ASN. x is a state variable which corresponds to a membrane potential of neuron, and τ is a normalized time. The state x repeats integrate-and-fire behavior between a firing threshold th and a base signal b(τ). At each firing moment, the ASN outputs a spike y = 1. The time τ, the state x and the output y are given as dimensionless form, and a circuit model of the ASN is shown in Sect. 6. The dynamics of the ASN is described by the following equation:
where the threshold is normalized (th = 0), the base is period one (b(τ) = b(τ + 1)) and τ + denotes just after time τ.
When an initial state x(0) < th is given, x(τ) rises. If the state x(τ) reaches the threshold th, the state x(τ + ) is reset to the base b(τ + ) instantaneously and the ASN outputs a spike y(τ + ) = 1. Let τ n denotes the n-th spike position where n is a positive integer. The dynamics of the spike position τ n can be described by the following spike position map g from positive reals to itself: Figure 2 shows a spike position map g. As shown in this figure, by iterating the spike position map g starting from the first spike position τ 1 , we can calculate the sequence (τ 1 , τ 2 , τ 3 , · · ·) successively [25] . As shape of the base signal b(τ) varies, various shapes of the spike position map g can be realized. Hence, by adjusting the base signal b(τ), the ASN can generate various periodic and chaotic spike-trains and can exhibit related bifurcation phenomena [1] , [6] . In order to study encoding function of the ASN, in this paper we focus on sawtooth shaped base signals b(τ) as follows:
where α > −0.5 is an offset parameter. The base signal b(τ) for α = 0 is shown in Fig. 1 . Let
be the n-th spike phase. The dynamics of the spike phase θ n can be described by the following phase map G from an interval [0, 1) into itself: 
Figure 2(b) shows the phase map G corresponding to the spike position map g in Fig. 2 
(a).
• The phase map G for α = 0 in Fig. 2 (b) can be regarded as the Bernoulli shift [25] for the spike phase θ n . The Bernoulli shift G can realize conversion of the initial phase θ n (analog input) into its binary number representation (digital output) based on the concept of symbolic dynamics [17] , [25] . This is a basic idea for the spike position modulation (SPM) studied in [23] . However, in Sect. 4, we present a new approach for AD conversion function of the ASN based on the SIM.
• In the previous work [23] , we have studied basic characteristics of the spike-train y(t) for the case of α = 0 only. In Sect. 3, we study characteristic of the spike-train y(t) for various values of α and consider which value of α is suitable for the SIM.
Basic Characteristics of Spike-Train
Let us analyze basic characteristics of the spike-train y(τ).
Since b(τ) is period one, we can restrict the first spike position in without less of generality. The first spike position τ 1 is determined by the initial state:
Let D(l) denote length of a spike-train y(τ) consisting of l spikes: Figure 3 shows characteristic of the length D(l) with respect to the initial state x(0). It can be seen that the length D(l) for α = 1 has smaller variation than that for α = 1.4. In order to characterize the length D(l), let us define average and variation of D(l) as follows:
where D 
Recalling the restriction τ 1 ∈ I 1 for the first spike position, the spike positions satisfy the following property:
That is, each n-th spike position τ n exists on the n-th unit interval I n . Hence we have the following relation:
Under the condition a = 0, the spike phase map G is to be
as shown in Fig. 2(b) . Referring to [25] , we have
Substituting τ 1 = θ 1 , Eqs. (10) and (8) Fig. 3(a) ). Also, the length
It follows from this equation that the length
. That is, the proposition for α = 0 is proven. Second, let us consider the case α ∈ {0, 1, 2, · · ·}. Repeating a similar consideration to the case of α = 0, we have
The spike phase map G is given by Eq. (9) and satisfies the relation in Eq. (10). Then we have
Repeating a similar consideration to the case of α = 0, we
Remark 2:
• In the case of 0 < α < 1, the spike position map g satisfies a property g : I k → I k+1 ∪ I k+2 . That is, the spike position τ n can distribute in a wider range I k+1 ∪ I k+2 than the range I k+1 of the spike position map g for α = 0. This property g : • If α = 0, the spike position map g satisfies g(I
. Such map is referred to as Markov-type: a simple and useful class of maps in application to information coding [11] , [12] , [22] . Since the slope of g is 2 and is expanding, any spike-train is unstable for the initial state x(0) and is to be chaotic in the sense of dynamical systems defined for unbounded time 0 < τ. However, Ref. [23] presents a circuit in which the spike-trains can be stabilized by adding higher frequency sawtooth signal to the threshold.
Analog-to-Digital Conversion
In this section we study the ASN-ADC based on the SIM. The initial state x(0) of the ASN is used as an analog input. The ASN generates a spike-train y(τ) characterized by the spike positions (τ 1 , τ 2 , · · · , τ l+1 ) whose pattern depends on the analog input x(0). Let us define the n-th ISI by
To the sequence (d 1 , d 2 , · · · , d l ) of ISIs, we apply the following SIM
and obtain a digital output Y = (Y 1 , Y 2 , · · · , Y l ). We can summarize relations between the ASN as ADC and the ASN as neuron model in Table 1 . We note that, to obtain the digital sequence with the code length l, the SIM requires the operating time (l + 1). Let us define the estimation of the analog input x(0) bỹ
Let a function Int(x) denote the integer part of a real number 
That is, the analog input x(0) ∈ (−1, 0] is converted into one of the lattice points X ∈ {0, −1·2
Proof: Since Eq. (7) is equivalent to the Bernoulli shift as shown in Fig. 2(b) , binary encoding of θ 1 can be realized [25] :
where l is the code length. This encoding is referred to as the SPM [23] . Since the spike position map g has periodicity g(τ + 1) = g(τ) + 1, the ISI d n = g(τ n ) − τ n can be written by a function of the spike phase θ n as follows:
where h is a mapping from I 1 to J ≡ [0.5, 1.5] as shown in Fig. 5(a) . Note that J is the existence region of the ISI d n . Substituting Eq. (17) into Eq. (7), we obtain
Note that h is one-to-one and onto as shown in Fig. 5(a) . Using h, we can confirm that the SPM in Eq. (16) to the SIM in Eq. (13), i.e.,
Recall that the first spike phase θ 1 and the analog input x(0) have the following relation:
From Eqs. (20), (19), (16) and (14), we can derive Eq. (15). Q.E.D.
From a mathematical viewpoint, the SIM is equivalent to the SPM when h is one-to-one. However, from a practical viewpoint, the SIM has several advantages such as receiving without clock and deep relation to biological spiking neurons as discussed in Sect. 1. If h is not one-to-one, the SIM is not equivalent to SPM and that may cause interesting function. Consideration of such SIM is in future problems. In order to visualize the SIM, we note that d n+1 is given by d n through the map h as follows.
The sequence {d 1 , d 2 , · · · , d n } of ISIs is governed by the map F. The SIM can be visualized as shown in Fig. 5(b) .
Digital-to-Analog Conversion
Here we present the ASN-DAC that realizes inverse operation of the ASN-ADC. Let us assume that the ASN-ADC converts an analog input x(0) into a digital output Y. The required operation for the ASN-DAC is to convert Y into an approximation of the analog input x(0). In order to realize the DA conversion, inverse digital sequence of Y is used as an input, i.e., the digital input to the ASN-DAC is defined by
Using Y we define a continuous-time signal u(τ) that is to be an input to the ASN-DAC:
where 0 ≤ τ < l and n = 1 ∼ l. We then present the dynamics of the ASN-DAC as follows.
where th = 0, and the initial valuex(0) can be given arbitrarily in (−1, 0]. b 1 (τ) is a periodic sawtooth signal with rising slope. Adding the input signal u(τ) to this b 1 (τ), the base membrane potential
is positive (Y n = 1) for τ ∈ I n , the offset of the base signal is increased as shown in Fig. 6 . The integrate-and-fire switching is the same as that of the ASN-ADC:x(τ) rises,x is reset to the base b (τ) just afterx reaches th, and the system repeats the integrate-and-fire behavior between th and b (τ). The statex(l) at τ = l is used as an analog output. Note that the system is not required to output spikes because neither digital output nor SIM is required in the ASN-DAC. We can summarize relations between the ASN as DAC and the ASN as neuron model in Table 2 . Then we have the following theorem. , where m ∈ {0, 1, 2, · · · , 2 l − 1}. This is equivalent to the following situation:
In this case, from Theorem 1, the digital output Y of the ASN-ADC is to be the binary number representation of m. Second, we consider the ASN-DAC. Repeating in a likewise manner as derivation of Eq. (2), we obtain the following spike position map g −1 driven by the digital input Y :
where g −1 (I k ) = I k+1 . The spike position map g −1 is shown in Fig. 7(a) . The spike position satisfies τ n ∈ I n for all n since the first spike position τ 1 is in [0, 1). Then we have
The spike phase θ n is governed by the following map G −1 driven by the digital input Y : A phase map G −1 is shown in Fig. 7(b) . The phase map G −1 can realize inverse operation of the phase map G of the ASN-ADC (Eq. (7)). (G) That is, the map G −1 is to be inverse of the Bernoulli shift and can be regarded as a kind of IFS. Referring to [22] , the spike phase θ l exists in the inter-
). This is equivalent to the following situation:
From Eqs. (29) and (25), we have |x(l) − x(0)| < 2 −l . Q.E.D. Figure 8 shows a simple circuit model of ASN-DAC. In the figure, U(t) is a input signal given by digital input Y and B 1 (t) is a periodic sawtooth signal with period T : :
Circuit Model
where K 1 , K 2 and V D are scaling parameter fixed afterward. The two voltage sources B 1 (t) and U(t) are connected in series and are assumed to be synchronized with a clock signal of period T . In PSPICE simulation B 1 (t) and U(t) are given by signal generators. The circuit dynamics is described by
where T h is a threshold. 
and scaling parameters are fixed:
We have confirmed basic circuit operations in PSPICE simulation and a typical data is shown in Fig. 9 . It should be noted that this circuit is transformed into a model of ASN-ADC by replacing B 1 (t)+U(t) with a periodic sawtooth voltage source proportional to b(τ) and adding a higher periodic signal to T h for stabilization. The actual circuit can be found in [23] with typical experimental data. We note that the circuit model in Fig. 8 is presented as a breadboard prototype and is not intended to a practical implementation. The practical circuit designs are included in future problems. We also note that the system equations (1) and (27) are presented as dimensionless forms as is often done for analysis of nonlinear dynamical circuits [9] , [10] , [23] . The dimensionless equations can describe dynamics of the circuit Eq. (34) for wide range of parameter values.
Conclusions
We have studied encoding/decoding properties based on integrate-and-fire dynamics of ASN. We have investigated parameter dependence on spike-train length and have fixed the parameter α = 0 that can realize ASN-ADC with the minimum variation and average of spike-train length. In the ASN-ADC, we have proposed the SIM that has several advantages including robustness for delay. In the ASN-DAC, digital input signal is applied to adjust base level of the ASN and inverse operation of the ASN-ADC is achieved. A simple circuit model is also presented. II (2003 II ( -2005 . He is a member of the JNNS and a senior member of the IEEE.
